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Abstract
We propose newWightman functions as vacuum expectation values of products of field op-
erators in the noncommutative space-time. These Wightman functions involve the ⋆-product
among the fields, compatible with the twisted Poincare´ symmetry of the noncommutative
quantum field theory (NC QFT). In the case of only space-space noncommutativity (θ0i = 0),
we prove the CPT theorem using the noncommutative form of the Wightman functions. We
also show that the spin-statistics theorem, demonstrated for the simplest case of a scalar
field, holds in NC QFT within this formalism.
1 Introduction
The axiomatic approach to quantum field theory (QFT) built up by Wightman, Jost, Bo-
goliubov, Haag and others made QFT a consistent, rigorous theory (for references, see Refs.
[1]-[4]). In the framework of this approach, fundamental results, such as the CPT and spin-
statistics theorems, were proven in general, without any reference to a specific theory and
a Lagrangian or Hamiltonian. In addition, the axiomatic formulation of QFT has given the
possibility to derive analytical properties of scattering amplitudes and, as a result, dispersion
relations. Consequently, various rigorous bounds on the high-energy behaviour of scattering
amplitudes were obtained [5].
At present, noncommutative quantum field theory (NC QFT) attracts a great deal of
attention. The study of such theories has received a considerable impetus after it was shown
that they appear naturally, in some cases, as low-energy limit of open string theory in the
presence of a constant antisymmetric background field [6]. In this context, the coordinate
operators of a space-time satisfy the Heisenberg-like commutation relations
[xˆµ, xˆν ] = iθµν , (1.1)
where θµν is a constant antisymmetric matrix of dimension (length)
2. For the study of NC
QFT it is customary to define for the field operators on the noncommutative space-time,
φ(xˆ), their Weyl symbols, φ(x), whose algebra is isomorphic to the initial operator algebra.
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The connection between the operators φ(xˆ) and their Weyl symbols φ(x) is achieved through
the Weyl-Moyal correspondence, which requires that products of operators are replaced by
Moyal ⋆-products of their Weyl symbols:
φ(xˆ)ψ(xˆ)→ φ(x) ⋆ ψ(x), (1.2)
where the Moyal ⋆-product is defined as
(φ ⋆ ψ)(x) = φ(x) e
i
2
θµν
←−
∂µ
−→
∂ν ψ(x) . (1.3)
In the following, by field operators we shall understand such Weyl symbols. Since the
matrix θµν is constant and does not transform under Lorentz transformations, the Lorentz
symmetry SO(1, 3) is broken, while the translational invariance is preserved.
We shall consider throughout this paper only the case of space-space noncommutativity,
i.e. θ0i = 0, since theories with θ0i 6= 0 cannot be obtained as low-energy limit from string
theory [6]. Besides, it has been shown that such field theories violate perturbative unitarity
[7] and causality [8, 9].
The study of NC QFT has been mostly done in the Lagrangian approach (for reviews, see
Refs. [10, 11]). However, it would be of importance to develop also an axiomatic formulation
of NC QFT, which does not refer to a specific Lagrangian.
The first step in this direction was made in Ref. [12], where the usual Wightman functions,
defined as
W (x1, x2, ..., xn) = 〈0|φ(x1)φ(x2)...φ(xn)|0〉 (1.4)
were investigated, but based on the symmetry group O(1, 1) × SO(2), which is the residual
space-time symmetry of NC space-time with θ0i = 0. Using the usual Wightman functions
as in (1.4), the validity of the CPT theorem was shown in Ref. [12].
Perhaps the most serious problem with NC QFT treated in the residual symmetry ap-
proach, used to be the fact that the representations of the fields did not match the actual
symmetry of the theory. The groups O(1, 1) and SO(2) are both Abelian, having only one-
dimensional irreducible representation, and therefore not supporting the concept of spin,
which is essential for particle physics. A rigurous axiomatic approach should include the
proof of the spin-statistics theorem, but the spin simply does not exist in a O(1, 1)×SO(2)-
invariant theory, as pointed out in Ref. [12]. The solution to the representations problem
was the main physical implication of the uncovering of the twisted Poincare´ symmetry of
noncommutative quantum field theory with Heisenberg-like commutation relations of the
coordinates [13]. Twisted Poincare´ symmetry proved to be the new concept of relativis-
tic invariance for NC QFT [14] and it shaped the field in a more rigorous way. Based on
the twisted Poincare´ symmetry and its various consequences, we are now in a position to
formulate a well-argumented axiomatic approach to NC QFT.
The role of twisted Poincare´ symmetry in this paper is two-fold. Firstly, it is needed
in order to justify the use of the star-product between functions in two different space-time
points, since in this case the newly defined Wightman functions will have the same symme-
try as the one of space-time commutation relation. In particular, for scalar fields the new
Wightman functions will be explicitly scalars under the twisted Poincare´ transformations.
Secondly, since the Lorentz invariance is violated in such NC theories down to the product
of two Abelian groups, one has not the concept of spin and thus cannot speak of the spin-
statistics theorem altogether, unless one invokes the existence of twisted Poincare´ thanks to
its representation theory being identical with the one of the usual Poincare´ symmetry.
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The existence of the class of test functions in the case of NC quantum field theories (see
Ref. [15]), is crucial for utilizing the analytical properties of the smeared new Wightman
functions needed for the rigorous proof of the CPT and spin-statistics theorems, as it is
the case also for the usual commutative quantum field theories. We would like to mention,
however, that the field operators, even in the free case, with usual perturbative quantization
procedure, do not satisfy the deformed locality condition nor the weak locality condition (see
Section 2.6).
In this paper, we shall formulate the axiomatic approach to NC QFT mainly guided by
the twisted Poincare´ symmetry. The same symmetry arguments impose also the adoption
of a new form for the Wightman functions. On the ground of this coherent formulation we
shall prove the CPT theorem for theories with space-space noncommutativity and also give
the proof of the spin-statistics theorem for the case of a spinless field, for simplicity.
2 Axiomatic approach to NC QFT
2.1 Twisted Poincare´ symmetry
Since the twisted Poincare´ symmetry [13, 14] is our guiding line in this formulation, we shall
review a few main concepts and formulas, for the consistency of the argumentation.
The twisted Poincare´ algebra is the universal enveloping of the Poincare´ algebra U(P),
viewed as a Hopf algebra, deformed with the Abelian twist element [16] (see also the mono-
graphs [17])
F = exp
(
i
2
θµνPµ ⊗ Pν
)
, (2.5)
where θµν is a constant antisymmetric matrix (it does not transform under the Lorentz
transformations) and Pµ are the translation generators. This induces on the algebra of
representations of the Poincare´ algebra the deformed multiplication,
m ◦ (φ⊗ ψ) = φψ → m⋆ ◦ (φ⊗ ψ) = m ◦ F
−1(φ⊗ ψ) ≡ φ ⋆ ψ , (2.6)
which is precisely the well-known Weyl-Moyal ⋆-product (taking the Minkowski space real-
ization of Pµ, i.e. Pµ = −i∂µ):
⋆ = exp
(
i
2
θµν
←−
∂ µ
−→
∂ ν
)
. (2.7)
In particular, taking in (2.6) φ(x) = xµ and ψ(x) = xν , one obtains:
[xµ, xν ]⋆ = iθµν . (2.8)
This is the usual commutation relation of the Weyl symbols of the noncommuting coordinate
operators xˆ, (1.1), which is obtained in the Weyl-Moyal correspondence.
The twist (2.5) does not affect the actual commutation relations of the generators of the
Poincare´ algebra P:
[Pµ, Pν ] = 0, [Mµν , Pα] = −i(ηµαPν − ηναPµ),
[Mµν ,Mαβ ] = −i(ηµαMνβ − ηµβMνα − ηναMµβ + ηνβMµα). (2.9)
Consequently also the Casimir operators remain the same and the representations and clas-
sifications of particle states are identical to those of the ordinary Poincare´ algebra. The
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question of the fields, constructed by the method of induced representations, is more subtle
[18, 19], but crucial for the edification of the axiomatic formulation on NC QFT, and we
shall review it in the next subsection.
The twist deforms the action of the generators in the tensor product of representations
– the so-called coproduct. In the case of the usual Poincare´ algebra, the coproduct ∆0 ∈
U(P)× U(P) is symmetric (the usual Leibniz rule),
∆0(Y ) = Y ⊗ 1 + 1⊗ Y, (2.10)
for all the generators Y ∈ P. The twist F deforms the coproduct ∆0 to ∆t ∈ Ut(P)× Ut(P)
as:
∆0(Y ) 7−→ ∆t(Y ) = F∆0(Y )F
−1 . (2.11)
This similarity transformation is compatible with all the properties of U(P) as a Hopf algebra,
since F satisfies the twist equation [16]:
F12(∆0 ⊗ id)F = F23(id ⊗∆0)F , (2.12)
where F12 = F⊗1 and F23 = 1⊗F. The eq. (2.12) ensures the associativity of the ⋆-product
(2.6). This is an important point, to which we shall return when discussing the new form of
the Wightman functions.
The twisted coproducts of the generators of Poincare´ algebra turn out to be:
∆t(Pµ) = ∆0(Pµ) = Pµ ⊗ 1 + 1⊗ Pµ, (2.13)
∆t(Mµν) = Mµν ⊗ 1 + 1⊗Mµν (2.14)
−
1
2
θαβ [(ηαµPν − ηανPµ)⊗ Pβ + Pα ⊗ (ηβµPν − ηβνPµ)] .
Thus the twisted coproduct of the momentum generators is identical to the primitive co-
product, eq. (2.13), meaning that translational invariance is preserved, while the twisted
coproduct of the Lorentz algebra generators, eq. (2.14), is nontrivial, implying the violation
of Lorentz symmetry.
It is essential for our purpose to note that, by fixing conveniently the frame of reference,
the matrix θµν takes a block diagonal form:
θµν =


0 θ′ 0 0
−θ′ 0 0 0
0 0 0 θ
0 0 −θ 0

 . (2.15)
This form emphasizes the stability group of the matrix θµν , i.e. SO(1, 1) × SO(2), which
becomes O(1, 1)×SO(2) as soon as θ′ = 0 (space-space noncommutativity). One immediately
notices that the coproducts of the generators of SO(1, 1) and SO(2), i.e. M01 and M23,
remain primitive in this frame of reference: ∆t(M01) = ∆0(M01) and ∆t(M23) = ∆0(M23),
which is the mark of the preservation of ordinary invariance under the corresponding Lorentz
transformations.
Although the formulation of the symmetry as twisted Poincare´ algebra is very useful for
noting the solution to the representation problem, it is important for physical application
to understand how the corresponding finite transformations act (see, e.g., Ref. [18]). In the
case of the twisted Poincare´ algebra Ut(P), its dual is the algebra of function Fθ(G) on the
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Poincare´ group G with deformed multiplication. The algebra F (G), dual to ordinary U(P),
is generated by the elements Λµν and aµ, which are complex-valued functions, such that when
applied to suitable elements of the Poincare´ group, they would return the familiar real-valued
entries of the matrix of finite Lorentz transformations, Λµν , or the real-valued parameters of
finite translations, aµ. In the case of Fθ(G), the functions a
µ are no more complex-valued
and the following commutation relations are obtained by requiring the duality between Ut(P)
and Fθ(G):
[aµ,aν ] = iθµν − iΛµαΛ
ν
βθ
αβ ,
[Λµν ,a
α] = [Λµα,Λ
ν
β] = 0, Λ
µ
α,a
µ ∈ Fθ(G) . (2.16)
Again, one notices that, when applied to elements of the Lorentz group which do not belong
to the above mentioned SO(1, 1) or SO(2) stability subgroups, the eqs. (2.16) lead to non-
commutative translations, whose physical interpretation is elusive [19]. Ordinarily, in F (G),
the functions aµ applied to elements of Lorentz group vanish, but in the case of Fθ(G) this
peculiar result obstructs the physical interpretation of finite twisted Poincare´ transformations
of even the coordinates, and the problem becomes worse for the transformation of fields.
It turns out that these problems are solved by the same stratagem which will permit us
to define noncommutative fields using the method of induced representations.
2.2 Noncommutative field operators
One would be tempted to say that the construction of a NC quantum field theory through the
Weyl-Moyal correspondence is equivalent to the procedure of redefining the multiplication
of functions, so that it is consistent with the twisted coproduct of the Poincare´ generators
(2.11) [13].
However, the definition of noncommutative fields and the action of the twisted Poincare´
transformations on them is not a trivial one. Ordinary relativistic fields are defined by the
method of induced representations. In the commutative setting, Minkowski space is realized
as the quotient of the Poincare´ group by the Lorentz group, and a classical field is a section
of a vector bundle induced by some representation of the Lorentz group. This construction
does not generalize to the noncommutative case, because the universal enveloping algebra
of the Lorentz Lie algebra is not a Hopf subalgebra of the twisted Poincare´ algebra. As a
result, Minkowski space R1,3, which in the commutative setting is realized as the quotient of
the Poincare´ group G by the Lorentz group L, G/L , has no noncommutative analogue.
This can be intuitively seen if we recall that an ordinary commutative field is typically
written as
Φ = f ⊗ v , f ∈ C∞(R1,3) , v ∈ V ,
where C∞(R1,3) is the set of smooth functions on Minkowski space and V is a Lorentz-
module. The tensor product requires that the action of the Lorentz generators on Φ be
taken with twisted coproduct. However, this implies an action of the momentum generators
Pµ on the representations of the Lorentz group v, and such an action is simply not defined.
One proposal for bypassing this predicament is to consider V a Poincare´-module, with
trivial action of the momentum generators [18]. Another proposal – which we shall adopt
in this paper – is to maintain V as a Lorentz module, but to forbid the transformations
which cannot go through [19]. In this way, we induce only the Lorentz transformations
corresponding to the stability group of θµν , but the fields will carry representations of the
full Lorentz group; consequently, the particle spectrum of the noncommutative quantum field
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theory with twisted Poincare´ symmetry will have the richness of the relativistic quantum field
theory. At the same time, the problem of noncommutative finite translations is also solved.
We emphasize that the fact that only certain Lorentz transformations are allowed on
the noncommutative fields is a strong indication of the Lorentz symmetry violation. The
differences between ordinary and noncommutative quantum fields are drastic and there is no
way to justify, based on the twisted Poincare´ symmetry, the claim that the noncommutative
fields transform under all Lorentz transformations as ordinary relativistic fields [20].
2.3 Noncommutative Wightman functions
In the ordinary axiomatic field theory, Wightman functions are defined as vacuum expecta-
tion values of products of relativistic field operators,
W (x1, x2, ..., xn) = 〈0|φ(x1)φ(x2)...φ(xn)|0〉 . (2.17)
The twist changes the multiplication in the algebra of representation of the Poincare´
algebra, and we expect that this should apply as well to Wightman functions. Indeed, the
product of field operators with independent arguments, φ(x1) and φ(x2), in as far as the
space-time dependence is concerned, is an element of the tensor product of two copies of
C∞θ (R
1,3), and the rule of multiplication in this case is:
(f1 ⊗ 1)(1⊗ f2) = f1 ⊗ f2,
(1⊗ f2)(f1 ⊗ 1) = (R2f1)⊗ (R1f2) , f1, f2 ∈ C
∞
θ (R
1,3), (2.18)
where R ∈ U(P)⊗U(P) is the universal R-matrix, which relates by a similarity transformation
the twisted coproduct ∆t and its opposite ∆
op
t = σ ◦∆t,
R∆t = ∆
op
t R . (2.19)
In the case of twisted Poincare´ algebra with the twist (2.5), the expression of the R-matrix
is
R = F21F
−1 = F−2 . (2.20)
The property (2.18) is encoded in the product of functions with independent arguments as
an extension of the ⋆-product:
f(x) ⋆ g(y) = f(x)e
i
2
θµν
←−
∂
∂xµ
−→
∂
∂yν g(y) . (2.21)
Such a generalization of the ⋆-product for noncoinciding space-time points has been previ-
ously proposed and used in a different context [11].
This generalization can be also motivated by the fact that in the commutation relation
of coordinate operators,
[xˆµ, xˆν ] = iθµν ,
the labels by which we designate the coordinate operators are not relevant, since the non-
commutativity is only between different components of space directions (see Ref. [21]).
In this formulation, we propose for the noncommutative Wightman functions the expres-
sion:
W⋆(x1, x2, ..., xn) = 〈0|φθ(x1) ⋆ φθ(x2) ⋆ ... ⋆ φθ(xn)|0〉 . (2.22)
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In this expression and in the following, we shall denote the noncommutative field operators by
the subscript θ, in order to emphasize once more their different properties from the ordinary
relativistic field operators. The ⋆-product of operators in (2.22),
φθ(x1) ⋆ φθ(x2) ⋆ ... ⋆ φθ(xn) = e
i
2
θµν
∑
a<b
∂
∂x
µ
a
∂
∂xν
b φθ(x1)φθ(x2)...φθ(xn) , (2.23)
is obviously associative and for the coinciding points x1 = x2 = ... = xn becomes identical
to the multiple Moyal ⋆-product.
2.4 Translational invariance of the Wightman functions
The NC Wightman functions (2.22) are translationally invariant, as in ordinary relativistic
QFT. This is obvious from the fact that the coproduct of the translation generators is not
deformed, consequently the translations will act in an ordinary manner on the NC Wight-
man functions. However, there are again differences compared to the relativistic case. In
relativistic QFT, the differences of coordinates on which the ordinary Wightman functions
depend can be written as a four-vector, ξµi = x
µ
i − x
µ
i+1, since the functional form in all four
coordinates is the same, due to Lorentz symmetry. In the noncommutative case, the Heisen-
berg fields φθ(x) depend on the θ-matrix, and the same is valid for the ⋆-product of fields
entering the NC Wightman functions. The Wightman functions are covariant only under
the stability group O(1, 1) × SO(2). Consequently, after shifting the coordinates by x1, the
NC Wightman functions will depend with different functional forms on the two-dimensional
vectors, ~σi = (ξ
0
i , ξ
1
i ) and ~τi = (ξ
2
i , ξ
3
i ),
W⋆(x1, x2, ..., xn) = W⋆(~σ1, ~τ1, ~σ2, ~τ2, ..., ~σn−1, ~τn−1) . (2.24)
The subscript ⋆ in the r.h.s. of (2.24) shows that the θ-dependence of the Wightman functions
is not effaced by their translational invariance.
The translational invariance of NCWightman functions as in (2.22) was used as argument
in [20] for the disappearance of the ⋆-product upon translating by ξ, since the ⋆-product of
the four-dimensional shifts ξi with any function of x reduces to the usual product. We should,
however, be aware, that a function
F (x− y), x, y ∈ R1,3 (2.25)
is translationally invariant, but so is also the function
F0(x
0 − y0, θ′)F1(x
1 − y1, θ′)F2(x
2 − y2, θ)F3(x
3 − y3, θ), (2.26)
with the notation used in (2.15). Indeed, the ⋆-multiplication of two functions of the type
(2.25) is the same like their usual multiplication, but the ⋆-product of two functions of the
type (2.26) will retain its θ-dependence. The translational symmetry in the relativistically
invariant case falls into the first situation, while in the noncommutative twisted Poincare´
case, it falls into the latter.
2.5 Space of test functions for noncommutative Wightman
functions
Rigorously, field operators can not be defined at a point [22] (see also Refs. [1] and [3]), but
only as smoothed operators, written symbolically as
ϕf ≡
∫
ϕ (x) f (x) dx, (2.27)
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where f (x) are test functions.
In QFT, the standard assumption is that all f (x) are test functions of tempered distri-
butions. On the contrary, in the NC QFT the corresponding generalized functions can not
be tempered distributions as the ⋆-product contains infinite number of derivatives. It is well
known (see, for example, Ref. [1]) that there can be only a finite number of derivatives in
any tempered distribution.
In Ref. [15] it was shown that the series
f (x) ⋆ f (y) = exp
(
i
2
θµν
∂
∂xµ
∂
∂yν
)
f (x)f (y) (2.28)
converges if f (x) ∈ Sβ, β < 1/2, where Sβ is a Gel’fand-Shilov space [23]. A similar
result was obtained also in Ref. [24]. This space contains test functions whose support is
noncompact in the noncommutative directions, but is compact in the commutative directions.
Thus the formal expression (2.22) actually means that the scalar product of the vectors
Φk = ϕfk · · · ϕf1 |0〉 and Ψn = ϕfk+1 · · · ϕfn |0〉 is the following:
〈Φk,Ψn 〉 =
∫
W (x1, . . . , xn) f1 (x1) ⋆ · · · ⋆ fk (xk) ⋆ fk+1 (xk+1) ⋆ · · · ⋆ fn (xn)dx1...d xn,
W (x1, . . . , xn) = 〈0|ϕθ(x1)...ϕθ(xn)|0〉. (2.29)
Let us stress that after integration over the noncommutative variables W (x1, . . . , xn) be-
comes tempered distribution with respect to the commutative variables x0i , x
1
i , i = 1, 2, ..., n.
We can use the formal expression (2.22) instead of the rigorous one (2.29). The point
is that in accordance with the spectral property, the Wightman functions are analytical
functions with respect to the commutative coordinates. This property is crucial in our
proof of the CPT and spin-statistics theorems. Let us point out that the CPT theorem
and the spin statistics one can be proved under conditions different from ours, namely by
using the concept of asymptotic commutativity condition [25]. We assume that Wightman
functions are tempered distributions with respect to the commutative coordinates as this
natural physical assumption gives us the possibility to prove in NC QFT the main axiomatic
results of ordinary quantum field theory such as irreducibility of the set of quantum field
operators and generalized Haag’s theorem [26].
2.6 Microcausality and spectral condition
In order to be able to define a microcausality condition, we should keep the locality in time,
and therefore we shall restrict ourselves to theories with space-space noncommutativity. We
consider henceforth θ′ = 0 in (2.15). This situation corresponds to a O(1, 1)×T(1,1) = P(1, 1)
symmetry for the (x0, x1) plane and a SO(2) × T2 = E2 symmetry for the (x2, x3) plane.
According to the present wisdom, the postulate of local commutativity (LC) is modified
to require the vanishing of star-commutators (imposed by the twisted-Poincare´ symmetry)
of scalar fields at space-like separation in the sense of O(1, 1) (i.e. replace light-cone by
light-wedge):
[φθ(x), φθ(y)]⋆ ≡ φθ(x) ⋆ φθ(y)− φθ(y) ⋆ φθ(x) = 0,
for (x0 − y0)2 − (x1 − y1)2 < 0. (2.30)
The choice of the light-wedge microcausality condition is based on the fact that the Moyal
⋆-product engenders infinite nonlocality in the noncommutative coordinates, such that the
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propagation of signal in the noncommutative directions is instantaneous. Intuitively, it means
that it ”takes no time” for the signal to propagate in those directions, therefore they drop
out from the separation of the causality-acausality regions. The result is, as shown in Refs.
[8, 12, 15, 19] and references therein, the enlargement of the light-cone to the light-wedge.
We should also point out that infinite nonlocality in time implied by a noncommutative time
coordinate defies quantization in the first place, therefore this case can not be included in
the study.
The results of Ref. [15] regarding the space of test functions on which the ⋆-multiplication
is well defined reinforce the light-wedge microcausality condition – these functions have com-
pact support in the commutative directions and noncompact support in the noncommutative
ones, the light-wedge emerging thus naturally as domain of causality.
Concerning the local commutativity in the axiomatic formulation of NC QFT with such
and similar deformations as used in this paper, we should mention that within the usual
quantization prescription and the use of perturbation theory, up to now there exists no
specific model which satisfies the LC property among the fields at the Jost points.
The lower symmetry compels us to enlarge, correspondingly, the physical spectrum of the
momentum operator, i.e. the spectral condition, to the forward light-wedge:
Spec (p) = {(p0)2 − (p1)2 ≥ 0, p0 ≥ 0} . (2.31)
On the ground of this formulation we shall prove the CPT theorem for theories with
space-space noncommutativity and also the spin-statistics theorem for the simplest case of
scalar field.
3 CPT theorem in the axiomatic approach to NC
QFT
In ordinary QFT, CPT theorem was proven in the Lagrangian approach, by Lu¨ders and
Pauli [27]. A general proof was given by Jost in the axiomatic formulation [28] (see also Ref.
[1]). In the NC case, CPT theorem was shown to hold in NC QED [29]. A general proof in
the Lagrangian formalism, for any NC QFT, was given in Ref. [9].
In the axiomatic approach to the ordinary QFT, the CPT theorem states [1] that the
CPT invariance condition in terms of Wightman functions, e.g. in the case of a neutral scalar
field,
W (x1, x2, ..., xn) =W (−xn, ...,−x2,−x1) , (3.32)
for any values of x1, x2,...,xn, is equivalent to the weak local commutativity (WLC) condition,
W (x1, x2, ..., xn) =W (xn, ..., x2, x1) , (3.33)
where x1 − x2, ..., xn−1 − xn is a Jost point, i.e. it satisfies the condition that
n−1∑
j=1
λj(xj − xj+1)


2
< 0, for all λj ≥ 0 with
n−1∑
j=1
λj > 0.
The main ingredients for the proof are the analyticity of the Wightman functions and the
fact that the space-time inversion (PT-transformation) is connected to the identity in the
complex Lorentz group.
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3.1 CPT invariance and WLC conditions in terms of the NC
Wightman functions
In order to prove the CPT theorem in NC QFT, the first of our concerns is to derive the
CPT invariance in terms of the new Wightman functions defined by eq. (2.22).
In the following, for simplicity, we shall restrict ourselves to the case of one neutral scalar
field.
The CPT invariance condition is derived by requiring that the CPT operator Θ be an-
tiunitary (see, e.g. [1]):
〈ΘΦ|ΘΨ〉 = 〈Ψ|Φ〉 , (3.34)
i.e. the CPT operator leaves invariant all transition probabilities of the theory.
Taking the vector states as 〈Φ| = 〈0| ≡ 〈Ψ0| and |Ψ〉 = φθ(xn) ⋆ ... ⋆ φθ(x2) ⋆ φθ(x1)|Ψ0〉
we shall express both sides of (3.34) in terms of NC Wightman functions.
For the l.h.s. of (3.34) we use directly the CPT transformation properties of the field
operators, which read, for a neutral scalar field, Θφθ(x)Θ
−1 = φθ(−x). Using the CPT-
invariance of the vacuum state, Θ|Ψ0〉 = |Ψ0〉 ≡ |0〉, the l.h.s. of (3.34) becomes:
〈ΘΦ|ΘΨ〉 = 〈ΘΨ0|Θ(φθ(xn) ⋆ ... ⋆ φθ(x2) ⋆ φθ(x1)|Ψ0〉)
= W⋆(−xn, ...,−x2,−x1) . (3.35)
For expressing the r.h.s. of (3.34) we take the hermitian conjugates of the vectors |Ψ〉 and
〈Φ|, to obtain:
〈Ψ|Φ〉 =W⋆(x1, x2, ..., xn) . (3.36)
Putting together (3.34) with (3.35) and (3.36), we obtain the CPT invariance condition in
terms of NC Wightman functions as
W⋆(x1, x2, ..., xn) =W⋆(−xn, ...,−x2,−x1) . (3.37)
Let us introduce the WLC condition. We remark that the ⋆-products contained in the
definition of the Wightman functions do not influence in any way the coordinates involved
in defining the light-wedge in (2.30), i.e. x0 and x1. Consequently, at space-like separated
points in the sense of SO(1, 1) (denoted by xi ∼ xj, i, j = 1, 2, ..., n), we can permute the
field operators in (2.22) in accordance with (2.30). The WLC condition implies only that
Wightman functions are not changed if the direct order of points xi is substituted by the
inverse one. Thus the noncommutative version of the WLC condition in terms of Wightman
functions reads:
W⋆(x1, x2, ..., xn) = W⋆(xn, ..., x2, x1)
for xi ∼ xj , i, j = 1, 2, ..., n . (3.38)
Finally the proof of the CPT theorem amounts to showing the equivalence of (3.37) and
(3.38).
3.2 Proof of CPT theorem
The CPT theorem consists of the equivalence of (3.37) and (3.38). The proof goes along
similar lines as in the commutative case [1] or the case discussed in Ref. [12]. The main
step is the analytical continuation of the Wightman functions to the complex plane only
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with respect to x0 and x1. The ⋆-products introduced in the new Wightman functions have
no influence on these two coordinates (since we have taken θ01 = 0, i.e. the time to be
commutative, cf. (2.15)) and upon analytical continuation they will not be affected. Due to
the translational invariance, we can expressW⋆(x1, x2, ..., xn) in terms of the 2(n−1) relative
variables, ~σi = (ξ
0
i , ξ
1
i ) and ~τi = (ξ
2
i , ξ
3
i ), with ξ
µ
i = x
µ
i − x
µ
i+1:
W⋆(x1, x2, ..., xn) = W⋆(~σ1, ..., ~σn−1, ~τ1, ..., ~τn−1) (3.39)
(see the discussion in Section 2.4).
From (2.31), the spectral condition for NC Wightman functions follows. Specifically, the
Fourier transform of a Wightman function is nonzero, i.e.
W˜⋆(~P1, ~P2, ..., ~Pn−1) =
1
(2π)2(n−1)
∫
Πn−1i=1 d~σk
× e−i(P
0
kσ
0
k−P
1
kσ
1
k)W⋆(~σ1, ..., ~σn−1, ~τ1, ..., ~τn−1) 6= 0 . (3.40)
only if all the two-dimensional momenta ~Pi = (P
0
i ,P
1
i ) satisfy the conditions (2.31). In (3.40)
the inessential dependence of the l.h.s. on the vectors ~τi is omitted. The condition (3.40)
implies that, on the same grounds as in commutative case [1], NCWightman functions can be
analytically continued into the complex plane with respect to ξ0i and ξ
1
i , by the substitution
ξi → µi = ξi − iηi, with all ηi belonging to the forward light-wedge, i.e. (η
0
i )
2 − (η1i )
2 ≥
0, η0i ≥ 0 and η
2
i = η
3
i = 0. In other words,
W⋆(µ1, µ2, ..., µn−1) =
1
(2π)2(n−1)
∫
Πn−1k=1d
~Pk
× ei(P
0
kµ
0
k−P
1
kµ
1
k)W˜⋆(~P1, ~P2, ..., ~Pn−1) (3.41)
is analytical in µ0i and µ
1
i . In accordance with the Bargmann-Hall-Wightman theorem [1, 30],
the functions W⋆(µ1, µ2, ..., µn−1) are analytical in an extended domain; in commutative case
the extended domain is obtained from the initial one by applying all (proper) complex Lorentz
transformations, continuously related to the unit transformation. In the noncommutative
case we can use only the transformations belonging to the complex O(1, 1) [12] for obtaining
the extended domain of analyticity. This domain contains also the real points ξ˜i called
Jost points, with the property that
(
n−1∑
j=1
λj ξ˜
0
j
)2
−
(
n−1∑
j=1
λj ξ˜
1
j
)2
< 0, for all λj ≥ 0 with∑
λj > 0 (consequently, the points x1, x2,...,xn are mutually space-like in the sense of
O(1, 1)). The values of Wightman functions at Jost points fully determine the values in the
whole domain of analyticity. Thus, two Wightman functions coinciding at their Jost points
coincide everywhere.
We shall show now that the WLC condition (3.38) implies the CPT invariance condition
(3.37). Let us first rewrite (3.38) in terms of relative coordinates:
W⋆(ξ˜1, ξ˜2, ..., ξ˜n−1) = W⋆(−ξ˜n−1, ...,−ξ˜2,−ξ˜1) . (3.42)
The functions W⋆(ξ1, ..., ξn−1) and W⋆(−ξn−1, ...,−ξ1) satisfy the spectral condition (3.40)
and are invariant under O(1, 1) transformations. Thus, in accordance with the previous
arguments, they are both analytical functions of the complex variables µi in the above-
mentioned extended domain. Moreover, since they are equal at the Jost points, they are
also equal in the whole domain of analyticity. Using the invariance of W⋆(µ1, µ2, ..., µn−1)
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and W⋆(−µn−1, ...,−µ2,−µ1) under the complex O(1, 1) group, which includes the inversion
µ0i → −µ
0
i and µ
1
i → −µ
1
i , we arrive at the equality
W⋆(µ1, ..., µn−1) = W⋆(−µ
′
n−1, ...,−µ
′
1) , (3.43)
where µ′i = (−µ
0
i ,−µ
1
i , µ
2
i , µ
3
i ) ≡ (−µ
0
i ,−µ
1
i , τ
2
i , τ
3
i ). Performing a SO(2) rotation by π in the
(τ2, τ3) plane and subsequently going to the real limit, we obtain that
W⋆(ξ1, ξ2, ..., ξn−1) = W⋆(ξn−1, ..., ξ2, ξ1) , (3.44)
which is equivalent to the CPT invariance condition (3.37) in terms of x1, x2,...,xn. Thus
CPT invariance is the consequence of WLC. By similar considerations the converse can also
be proven, i.e. CPT invariance implies WLC.
4 Spin-statistics theorem
Within the Lagrangian framework the spin-statistics theorem has been shown [9] to hold for
NC QFT with space-space noncommutativity. The proof used Pauli’s original formulation
[31], requiring that at space-like separations the commutators of two observables should
vanish.
Moreover, the symmetry under twisted Poincare´ algebra gives an additional hint that the
spin-statistics relation should survive in the NC QFT. In the case of a usual Lie algebra,
the operator of permutation P inverts the order of two representations in a tensor product:
P (a ⊗ b) = b ⊗ a. In the case of a quantum group with a universal enveloping algebra R,
the notion of permutation operator changes, such that the new permutation operator, Ψ, is
consistent with the quantum group action, i.e. ∆(Y )(Ψ(a ⊗ b)) = Ψ(∆(Y )(a ⊗ b)), where
∆(Y ) is the deformed coproduct of a Lie algebra generator. Using (2.19), it follows that
Ψ(a⊗ b) = P (R(a⊗ b)). The twisted Poincare´ algebra is a particular case of quantum group,
called triangular Hopf algebra, for which R−1 = R21. Consequently, Ψ = Ψ
−1, i.e. Ψ is
symmetric and no exotic statistics emerges, but the representations of the twisted Poincare´
algebra will have the same statistics as those of the ordinary Poincare´ symmetry (see Refs.
[17]). These aspects refer to the spin-statistics relation for particle representations, and not
to quantum field theory. Similar considerations based on the twisted Poincare´ symmetry can
be found as well in Ref. [32].
Encouraged by these indications, we attempt here to show the validity of the spin-
statistics theorem based on the NC Wightman functions, for the case of a real scalar field.
We start by proving that, if ψθ(x)|0〉 = 0 and ψθ(x) is a local field operator in the sense
of the light-wedge, then ψθ(x) = 0. To show this, we take at the Jost points x˜1− x˜2,...,x˜j− x˜,
x˜− x˜j+1 ,...,x˜n−1 − x˜n the arbitrary NC Wightman function
〈0|φθ(x˜1) ⋆ ... ⋆ φθ(x˜j) ⋆ ψθ(x˜) ⋆ φθ(x˜j+1)... ⋆ φθ(x˜n)|0〉
= 〈0|φθ(x˜1)...φθ(x˜j) ⋆ φθ(x˜j+1)...φθ(x˜n) ⋆ ψθ(x˜)|0〉 = 0 . (4.45)
By analytically continuing the first line of (4.45) (in exactly the same way as for the proof
of the CPT theorem in the Section 3), we obtain 〈0|φθ(x1) ⋆ ... ⋆ φθ(xj) ⋆ψθ(x) ⋆ φθ(xj+1)... ⋆
φθ(xn)|0〉 = 0, i.e. all the matrix elements of the operator ψθ(x) between a complete set of
states 〈0|φθ(x1) ⋆ ... ⋆ φθ(xj) and φθ(xj+1)... ⋆ φθ(xn)|0〉 are zero and thus ψθ(x) = 0.
Now we show that the wrong statistics,
{φθ(x), φθ(y)}⋆ = 0, (x
0 − y0)2 − (x1 − y1)2 < 0 , (4.46)
12
leads to φθ(x) = 0.
Consider W⋆(x, y) = 〈0|φθ(x) ⋆ φθ(y)|0〉. According to (4.46) we have
W⋆(x˜, y˜) +W⋆(y˜, x˜) = 0 . (4.47)
Eq. (4.47) can be analytically continued, as in the Section 3, into the extended domain.
Performing a space-time inversion and taking the real limit for the coordinates, we obtain
for the second term of (4.47) W⋆(y, x) =W⋆(x, y). Thus, W⋆(x, y) = 0. At y = x we get
〈0|φθ(x) ⋆ φθ(x)|0〉 = 0 , (4.48)
which is equivalent to 〈Ψ|Ψ〉 = 0, with |Ψ〉 = φθ(x)|0〉, if one adopts the definition for the
norm of a state as in (4.48), or equivalently as 〈Ψ|Ψ〉 = 〈0|φθ(xˆ)φθ(xˆ)|0〉. Then φθ(x)|0〉 = 0
and, due to the result first derived, we get φθ(x) = 0.
5 Discussion and conclusions
In this paper we have introduced new Wightman functions defined as vacuum expectation
values of the product of field operators with ⋆-multiplication. In this attempt to develop an
axiomatic formulation of NC QFT, the noncommutativity of space-time is explicitly taken
into account. Using such NC Wightman functions, for the case of only space-space noncom-
mutativity, θ0i = 0, we prove the CPT theorem adapted to the symmetry P(1, 1)× E2. The
results presented in this paper show that CPT invariance can be valid for theories which
do not possess Lorentz symmetry. Conversely, Lorentz-invariant but CPT-violating (nonlo-
cal) quantum field theories can also be constructed [33]. Thus, CPT invariance and Lorentz
symmetry can be disentangled, at least for nonlocal quantum field theories.
In a quite different context, the description of Nature at the Planck scale is suggested to
be given by a nonlocal translationally invariant theory, the so-called Very Special Relativity
(VSR) [34], with a symmetry under a subgroup of the Lorentz group, while at low-energy
scale the Poincare´ invariance would be operating. The CPT symmetry is considered to work
throughout the energy scales, while the violation of P, T and CP symmetries is connected
to the violation of Lorentz symmetry. A robust mathematical framework for VSR has been
recently proposed within noncommutative quantum field theory with light-like noncommu-
tativity [35]. The present results on CPT invariance and spin-statistics relation carry over
to light-like noncommutativity as a realization of VSR.
For the case of a scalar field we have also proven the spin-statistics theorem using the
NC Wightman functions with θ0i = 0.
The twisted Poincare´ symmetry of NC QFT is crucial for the accurate axiomatic formu-
lation: i) it justifies the use of the ⋆-product in the construction of the Wightman functions
(see Section 2.3) and ii) it allows us altogether to speak rigorously about the concept of spin
in NC QFT (a concept which would be inexistent in the residual symmetry formulation)
and thus to pose the problem of the spin-statistics relation (see Section 2.1 and Ref. [13]).
For the actual proof of the CPT and spin-statistics theorem, the interplay of the twisted
Poincare´ and the residual O(1, 1) × SO(2) symmetry is essential (see Section 2.2 and Refs.
[18, 19]). The analytical properties of the smeared new Wightman functions can be utilized
in the proofs due to the existence of the corresponding class of test functions, namely the
Gel’fand-Shilov space Sβ, β < 1/2 (see Section 2.5 and Ref. [15] for details). The causality
condition used is the vanishing of star-commutator of the scalar field at light-wedge space-like
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points, as in eq. (2.30), which is fully justified only in the context of the Gel’fand-Shilov
space Sβ , β < 1/2, whose functions have compact support only in the commuting directions.
There are still several important questions to be studied within the axiomatic formulation
of NC QFT, e.g. the cluster decomposition property, the uniqueness of the vacuum state
related to the irreducibility of field operator algebra, the proof of the analytic properties of
the scattering amplitude [36] and their implication on its high-energy behaviour [37]. Finally,
among the most important problems remains the formulation and proof of the reconstruction
theorem. We hope to present further results on these problems in a future communication.
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